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Abstract 



We study twisted Jacobi manifolds, a concept that we had introduced in a 
previous Note. Twisted Jacobi manifolds can be characterized using twisted Dirac- 
Jacobi, which arc sub-bundles of Courant- Jacobi algebroids. We show that each 
twisted Jacobi manifold has an associated Lie algebroid with a 1-cocycle. We intro- 
duce the notion of quasi-Jacobi bialgebroid and we prove that each twisted Jacobi 
manifold has a quasi-Jacobi bialgebroid canonically associated. Moreover, the dou- 
ble of a quasi-Jacobi bialgebroid is a Courant- Jacobi algebroid. Several examples 
of twisted Jacobi manifolds and twisted Dirac-Jacobi structures are presented. 
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1 Introduction 

Jacobi manifolds were introduced by Lichnerowicz ^1] and Kirillov [S] as smooth mani- 
folds endowed with a bivector field A and a vector field E satisfying some compatibility 
conditions. When the vector field E identically vanishes, the Jacobi manifold is just a 
Poisson manifold. So, Poisson manifolds are particular cases of Jacobi manifolds. But 
there are other examples of Jacobi structures on manifolds which are not Poisson, such 
as contact structures and local conformally symplectic structures. 

The notion of twisted Poisson manifold (or Poisson manifold with a 3-form back- 
ground) was introduced by Severa and Weinstein |24j, motivated by the works of Klimcik 
and Strobl 9^ on topological field theory and Park |2fl|| on string theory. Since Jacobi 
structures on manifolds generalize Poisson structures, the introduction of the concept 
of a twisted Jacobi manifold seems very natural. This task was achieved in the Note 
[TH] where, besides we have introduced that notion, we briefly presented some of its 
properties. 

Dirac structures on manifolds were introduced by Courant and Weinstein ^ and de- 
veloped in detail by Courant 7 . Dirac structures include presymplectic forms, Poisson 
structures and foliations. The first approach to extend the theory of Dirac structures to 
Jacobi manifolds was done by Wade who introduced the £'^(M)-Dirac structures 
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as a natural extension of Dirac bundles in the sense of Courant "T. These £^{M)- 
Dirac structures, which we call Dirac- Jacobi structures, include Jacobi manifolds and 
are sub-bundles of the vector bundle (TM x M) © (T*M x M) over M, satisfying a 
certain integrability condition. However, the vector bundle (TAf x H) © (T*M x H) 
is not a Courant algebroid. This fact motivated a more general treatment, proposed in 
[HE]- The concept of Courant- Jacobi algebroid was introduced, independently, in ^ 
and ^Hl! ^-nd the main example of this structure is the double of a Jacobi bialgebroid 
01 . A Dirac structure for a Courant- Jacobi algebroid E is defined as a sub-bundle of 
the vector bundle E over M satisfying an integrability condition. Dirac-Jacobi bundles 
arise then as a particular case of these structures. 

As we have already mentioned, twisted Poisson manifolds were introduced by Severa 
and Weinstein |^ who studied them in the framework of Courant algebroids and Dirac 
structures. For the case of twisted Jacobi manifolds, we use Dirac-Jacobi structures. 
More precisely, we use twisted Dirac-Jacobi structures, which are sub-bundles of the 
Courant-Jacobi algebroid (TM x M) © {T*M x M) equipped with a "twisted bracket" 
on its space of sections. These Dirac-Jacobi bundles enable us to characterize twisted 
Jacobi structures on manifolds. 

On the other hand, Roytenberg |^ developed a theory of quasi-Lie bialgebroids 
and used it to study twisted Poisson manifolds [23] . Namely, with each twisted Poisson 
structure on a manifold M, a quasi-Lie bialgebroid structure on {TM,T*M) can be 
associated. When we try to investigate what happens in the Jacobi framework, we 
realize that things are different. First of all because, in opposition to the Poisson case, 
one cannot, in general, define a Lie algebroid structure on the cotangent bundle T*M 
of a Jacobi manifold {M,A,E). Usually, only the vector bundle r*M x IR over M 
admits such a structure [7j. Furthermore, with each Jacobi manifold, there exists an 
associated Jacobi bialgebroid jSl IHj , while in the case of a Poisson manifold it admits 
an associated Lie bialgebroid. Motivated by these facts, we introduce the concept of a 
quasi-Jacobi bialgebroid, which is the one that fits in our theory. We prove that each 
twisted Jacobi manifold has an associated quasi-Jacobi bialgebroid and that the double 
of a quasi-Jacobi bialgebroid is a Courant-Jacobi algebroid. 

The paper is divided into eight sections. In section 2 we recall some facts on Jacobi 
manifolds and their relation with Lie algebroid theory. In section 3 we study the main 
properties of a twisted Jacobi manifold, we present some examples and we show that 
if M is equipped with a twisted Jacobi structure, then there exists a twisted exact 
homogeneous Poisson structure on M x H. Section 4 is devoted to twisted Dirac-Jacobi 
structures and we characterize twisted Jacobi manifolds using these structures. Several 
examples of twisted Dirac-Jacobi bundles are presented, including graphs of sections of 
/\^{T*M X H) and twisted locally conformal presymplectic structures. We also relate 
twisted Dirac-Jacobi bundles and Dirac bundles in the sense of Courant. In Section 5 we 
see how gauge transformations act on twisted Dirac-Jacobi structures. In section 6 we 
construct a Lie algebroid with a 1-cocycle associated with each twisted Jacobi manifold. 
The notion of quasi-Jacobi bialgebroid is introduced in section 7 and we prove that its 
double is a Courant-Jacobi algebroid. In section 8 we show that each twisted Jacobi 
manifolds admits an associated quasi-Jacobi bialgebroid. 

Notation : In this paper, Af is a C°°-differentiable manifold of finite dimension. We 
denote by TM and T*M, respectively, the tangent and cotangent bundles over M and 
by C°°{M,TR) the space of all real C°°-differentiable functions on M. For the Schouten 
bracket and the interior product of a form with a multivector field, we use the convention 
of sign indicated by Koszul [12], (see also [T7]). 
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2 Jacobi manifolds 



A Jacobi manifold is a differentiable manifold M equipped with a bivector field A and 
a vector field E such that 

[A, A] = -2E A A and [E, A] = 0, (1) 

where [•,•] denotes the Schouten bracket |12j . In this case, {A,E) defines a bracket on 
C°°(M, K) which is called the Jacobi bracket and is given, for all f,g£ C°°(M, H), by 

{f,g} = A{df, dg) + f{E.g) - g{E.f). (2) 

The Jacobi bracket endows C°°(M, H) with a local Lie algebra structure in the sense 
of Kirillov |Hj. Reciprocally, a local Lie algebra structure on C°°(M, H) induces on M 
a Jacobi structure. 

When the vector field E identically vanishes on M, the Jacobi structure reduces to 
a Poisson structure on the manifold. However, there are other examples of Jacobi man- 
ifolds either than Poisson manifolds, such as contact and locally conformal symplectic 
manifolds, Jl]. 

There are some well-known results concerning Jacobi structures on manifolds that 
we briefly recall. 

Let (M, A, E) be a Jacobi manifold. Then, the pair (A, E) defines the homomorphism 
of C°°(M, Il)-modules {A,E)* : T{T*M x R) ^ T{TM x R) given, for any section 
(a, /) of T*M X R, by 

iA,E)#{a,f) = iA#{a) + fE,-iEa), (3) 

and, with each / G C°°(M, M), we can associate the vector field Xf = A*(d/) + fE, 
called the hamiltonian vector field of /. We have that 

Xj=7ri{A,E)#{dfJ)), 

where tt : TM x IR ^ TM denotes the projection over the first factor. Moreover, for 
all f,g€ C~(M,]R), 

[Xf,X,]=X^f^gy (4) 

Also, the vector bundle T*M x IR over M endowed with the anchor map vr o (A, E)"^ : 
T*M X IR —> TM and the Lie algebra bracket {•, •} on the space of its sections, given, 

for all {a,f),{P,g) G T{T*M x R), by 

{(a,/),(/3,g)} = (7,r), (5) 

where 

7 = >Ca#(q,)/3 - >CA#(/3)a - d{A{a, (5)) + JCeI^ - gCsa - iE{a A 

r = -A(a, /3) + A(a, dg) - A{(3, df) + fE{g) - gE{f), 

is a Lie algebroid over M j7j. The associated exterior derivative on r(/\(TM x R)) = 
©feeSr(A''(TM X R)) is given HI], for all (P, Q) G T{/\''{TM x R)) ^ r(A^(rM)) 
T{f\'-\TM)), by 

d,{P, Q) = ([A, P] + A;^ A P + A A Q, -[A, g] + (1 - A:)^ A Q + [E, P]). (6) 
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It is well known that, given a Lie algebroid (^4, [•,•], a) over a difFerentiable manifold 
M with a 1-cocycle (p € T{A*) in the Lie algebroid cohomology complex with trivial 
coefficients we can modify the usual representation of the Lie algebra {T{A), [■, •]) 
on C°°(M,]R) by defining a new representation a*^ : r(^) x C°°(M,1R) C°°(M,1R) 
as 

a'^(X, /) = a{X)f + {ix(^)f, V (X, /) G r(A) x C7°°(M, R). (7) 

Therefore, we obtain a new cohomology operator d"^ on r(/\ ^*) = ©^g^rlA^^ given 
by 

= (i/3 + (/>A/3, V/3 G r(/\''A*), (8) 

where d is the cohomology operator defined by ([•,■],«) on T{/\A*), and a new Lie 
derivative operator of forms with respect to X G T{A), C'^ = d'^ oix + ix ° d'^ , that can 
be expressed in terms of the usual Lie derivative Cx = d o ix + ix ° d, as 

ctciP) = CxP + iixcP)(3, V/3Gr(/\V). (9) 

Using (/), it is also possible to modify the Schouten bracket [•, ■] on the graded algebra 
T{/\A) = ®f^^'^r{/\^ A) to the (/>-Schouten bracket [•,-]'?^ on r(A-4) defined, for any 
P G Ti/fA) and Q G r(AM), by 

[P, Q]'^ = [P, Q] + {p- l)P A {i^Q) + (-If (g - l){i^P) A Q, (10) 

where ^-iid ^</<-f can be interpreted as the usual contraction of a multivector field 
with a 1-form. A differential calculus using a'*', d't', and [•,•1''^ can be developed. The 
formulae obtained are similar, but adapted, to the case of a Lie algebroid 0, 0- 

A pair {A, cp) formed by a Lie algebroid A and a 1-cocycle (p of A, is called a Jacobi 
algebroid in the terminology of 131 . 

A trivial example of a Jacobi algebroid over M is the vector bundle TM x H — > M 
equipped with the bracket 

[{XJ),{Y,g)] = {[X,Y],X.g-Y.f), y {X, f), {¥, g) e T{TM x TR), (11) 

the vector bundle map vr : TM x H ^ TM, that is the projection over the first factor, 
and the section (0, 1) of T*Mx]R. The associated exterior derivative on r(/\(T*Mx]R)) 
is the operator d = (d, —d) and (0, 1) is a 1-cocycle in the cohomology complex with 
trivial coefficients of (TM x IR, [•, •],7r, d). In the sequel, we will denote by d*-'''^^ the 
differential operator on T{/\{T*M x R)) modified by (0, 1), as in ©. 

The notion of generalized Lie bialgebroid and the equivalent one of Jacobi bialgebroid 
were introduced, respectively, by D. Iglesias and J.C. Marrero in 5 and by J. Grabowski 
and G. Marmo in [Sj in such a way that a Jacobi manifold has a Jacobi bialgebroid 
canonically associated and conversely. A Jacobi bialgebroid over M is a pair {A, A*) 
of Lie algebroids over M, in duality, with differentials d and d^^, respectively, endowed 
with a 1-cocycle (j) G T{A*) of {A,d) and a 1-cocycle W G r{A) of {A*,d^), such that, 
for every P G T{/\^ A) and Q G r(/\ A), the following condition holds : 

d^[P,Q]''' = [d'^P,Q]'^ + {-ir+'[P,d'^Q]t 

The pair formed by the Jacobi algebroid (TM x K, [•, -JjTr, (0, 1)), presented above, 
together with the Lie algebroid (T*Mx]R, {•, •}, 7ro(A, E)*) and the 1-cocycle {-E, 0) G 
r(TM X H) on it, is a Jacobi bialgebroid over the Jacobi manifold (M, A, £"), 
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Finally, let us recall ^ that a section {A, E) of /\^{TM x H) defines a Jacobi 
structure on the manifold M if and only if 

[(A,i5;),(A,i?)](o.i) = (o,0). (12) 
3 Twisted Jacobi manifolds 

In we introduced the concept of twisted Jacobi manifold and we presented some of 
its properties. Now, in this section, we will review and complete the results announced 
in [ini. 

We start by recalling that, given a bivector field A on a differentiable manifold 
M, the associated vector bundle map A* : T*M TM induces a homomorphism of 
C°°(M,]R)-modules A# : T{T*M) r(TM), 

{P,A*{a)) = A{a,f3), V a, f3 €T{T*M), 

that can be extended to a homomorphism, also denoted by A*, from r(/\'^(T*M)) onto 
T{/\^{TM)), A; G IN, as follows: 

A#(/) = / and (A#7?)(ai,...,afc) = (-l)S(A*(ai),...,A#(afc)), (13) 

for all / G C~(M,]R), rj G r{/\''{T*M)) and ai, . . . ,afc G r{T*M). Analogously, with 
each section (A, E) of f\\TM x M), we can associate a homomorphism of C°°(M, M)- 
modules 

(A, E)* : r{/\^{T*M X R)) ^ r{/\^{TM x R)), A; G IN, 
by setting, for all / G C-(M, R), (r?, G r(A^(T*M x R)) and (ai, /i), . . . , (a^, A) G 

r(r*M X R), 

{A,E)*{f) = f 

and 

(A,ii;)#(r?,e)((ai,/i),...,(afc,A)) 

= (-l)'=(ry, 0((A, ii;)# (ai, /i), • • • , (A, E)*{ak, A)). (14) 

We remark that for k = 1, we recover (jSJ. 

Let us introduce some notation, following |24j . Let A be a bivector field on M and 
a 3-form on M. We denote by (A# ® 1)((^) the section of (A^ TM) T*M that acts 
on multivector fields by contraction with the factor in T*M. For any / G C°°(M, R), 

X G r(rM) and a,/3 G r(r*M), 

(A#0l)((/p)(/) = O and (A#0l)(v.)(a,/3)(X) = -^(A#(a),A#(/3),X). (15) 
Similarly, if u; is a 2-form on M, then, for any X G r(TM) and a G r(T*M), 

(A# ® l)(u;)(a)(X) = u;(A#(a),X). 

In what follows, we consider the Jacobi algebroid (TM x R, [■, •], tt, (0, 1)) and we 
are mainly interested in the vector bundle map defined by (|14j) for A; = 3. 
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Proposition 3.1 Let {A.,E) be a section of /\^{TM x ]R) and {(p,Lo) a section of 
f\^{T*M X M). Then, 

if and only if 

[A,A] + 2E A A = 2A* (ip) + 2{A*uj) A E (16) 

and 

[E, A] = {A* ® l){ip){E) - ((A# l){io){E)) A E. (17) 

Proof. Let (a, /), (/5, g)^ (7, h) be three arbitrary sections of T*M x M. We have, 

[(A,ii;),(A,i?)](0'i)((a,/),(/3,5),(7») 
= ([A, A] + 2EA A, 2[E, A])((a, /), (/3, 5), (7, h)) 
= ([A, A] + 2i? A A) (a, /3, 7) + 2/[ii;, A] (/3, 7) - 25[i?, A] (a, 7) 

+2/i[S,A](a,/3). (18) 

On the other hand, 

2(A,i?)#(^, .;)((«, /),(/3,ff), (7, /i)) 
= 2(A#v?)(a, /3, 7) + 2{{A*u) A ^)(a, /?, 7) 

-2 ((^(A#(/3),A#(7),/i?)-v9(A#(a),A#(7),5i?)+(/^(A#(a),A#(/3),/i£;)) 

-2((isa)[u;(A#(7),5i5;) -^(A#(/5),/iii;)] - (fij/3)[u;(A#(7), /ii;) 
-u;{A*{a),hE)] + {iEl)[i^{A*{P)JE)-u:{A*{a),gE)]) 

= 2[{A*^) + {{A*Lo)AE),{A*®l){^){E) 

-((A# ® l){u,){E) A i?)) ((a, /), (/3, 5), (7, /^))- (19) 

Comparing the terms on trivector fields and bivector fields of (|18j) and (|19|) . we obtain, 
respectively, the formula (|T^ and ((T7|). □ 

The sections of /\^(r*Mx]R) that are closed with respect to the differential operator 
cl(o.i) ^fJW[ have a special role hereafter. We will call them d^^'^^ -closed. 

Lemma 3.2 A section {if.uj) of /\^{T*MxR) is d^^'^'^ -closed, i.e. d^^''^\ip,uj) = (0,0), 
if and only if if = duj. 

Thus, we shall denote any d^'^'-^^-closed section {(p,uj) of /\^{T*M x M) by {dw^oj)^ with 
LO a 2-form on M. 

Definition 3.3 A twisted Jacobi structure on a differentiable manifold M is defined 
by choosing a bivector field A, a vector field E and a 2-form to on M such that 

[(A,^),(A,S)](0'i) =2{A,E)*{duj,uj). (20) 

A manifold equipped with such a structure is called a twisted Jacobi manifold or a 
a;-Jacobi manifold and it is denoted by the triple {M, {A,E),uj). 

Hence, according to Proposition 13. H we may define a twisted Jacobi manifold as 
a manifold M equipped with a section {A,E) of /\^(TM x M) and a 2-form uo ou M 
satisfying conditions ((TB|) and (fT7)) . for ip = dio. 



6 



Examples 3.4 

1. Jacobi manifolds: Any Jacobi manifold (M, A, E) endowed with a 2-form u satisfying 
{A, E)"^ {duj , Lo) = (0,0) can be viewed as a twisted Jacobi manifold. 

2. Twisted locally conformal symplectic manifolds: A twisted locally conformal sym- 
plectic manifold is a 2n-dimensional differentiable manifold M equipped with a non- 
degenerate 2-form 0, a closed 1-form t?, called the Lee 1-form, and a 2-form uj such 
that 

d{Q + uj) + ^A{e + uj) = 0. 
Let E he the unique vector field and A the unique bivector field on M which are defined 

by 

i{E)e = and i(A#(a))G = -a, for all a G r{T*M). (21) 

If we also denote by A* the extension of the isomorphism A* : T{T*M) — > r(TM) 
given by (PT|). we obtain 

E = A*{'d) and A = A#(e). 

By a simple, but very long computation, we prove that the pair {(A, E),uj) satisfies the 
relations and (|17|). for (/? = dw. Whence, {{A, E),uj) endows M with a twisted 
Jacobi structure. 

3. A trivial example in local coordinates: Let (xq, xi, X2, xs, X4) be a system of local 
coordinates in M^. Let us consider a bivector field A, a vector field E and a 2-form a; 
on given, in these coordinates, by 

d d d d d d ^ d 

A = — A — + — A — +X4^ A — , E=—, uj = dxiAdx3. 

0X1 0X3 0X2 0X4 OXq 0X4 OXq 

A simple computation gives 

d c) d 

[A, A] + 2^ A A = 2— A — A — and \E, A] = 0. 

0X1 0X3, OXq 

Since 

A#(a;) = ^A-— and (A# ® l)(c^)(S) = 0, 
0x1 0x3 

we have 

[A,A] + 2^AA = 2A#(cj) A^ and [E, A] = -{A* ^ l){uj){E) A E. 

According to Proposition 13. H with ip = duj = 0, {{A, E),uj) defines a twisted Jacobi 
structure on the manifold H^. 

Given a twisted Jacobi structure {{A, E),uj) on M, {A,E) defines on C°°(M, M) an 
internal composition law {•,•} just as in the case of Jacobi structure: For all /, 5 G 

C°°(M, M), 

{/, g} = A{df, dg) + fE{g) - gE{f). (22) 

Since (|12|) does not hold, this bracket fails the Jacobi identity and is no more a Lie 
bracket. 

Proposition 3.5 Let (M, (A, E),uj) be a twisted Jacobi manifold. Then, for all f,g,h£ 
C°°(Af, R), 

{/, {g, h}} + c.p. = -(du;, u;)((A, E)* (df, /), (A, E)*{dg, g), (A, E)* (dh, h)), 
where c.p. denotes sum after circular permutation. 
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Proof. The result follows directly from H14() for k = 3 and H20|). taking into account 
that, for any f,g,he C°°(M,]R), 

i[(A, E), (A, ((4f , /), (dg, g), (dh, h)) = {/, {g, h}} + p.c. 

□ 

Let us now examine some relations between twisted Jacobi manifolds and twisted 
Poisson manifolds. 

We recall that a twisted Poisson manifold is a differentiable manifold M endowed 
with a bivector field A and a closed 3- form if on M such that [A, A] = 2A*((/3). When 
is exact, i.e. ip = du with lu € T{/\^ T* M), we say that (M, A, (^) is a twisted exact 
Poisson manifold. A twisted Jacobi manifold (M, (A, E),uj), with E = 0, defines a 
twisted exact Poisson structure on M, since 

[(A,0),(A,0)](°'i) =2(A,0)#(dw,w) [A,A] = 2A*{duj). 

Furthermore, it is well known that there exists a close relationship which links 
homogeneous Poisson manifolds with Jacobi manifolds Namely, to each Jacobi 

~ ~ d 

manifold (M, A, E), we can associate a homogeneous Poisson manifold (M, A, — ), called 

d 

the Poissonization of (M,A,E), with M = M x H and A = e"*(A + — A i?), t being 

the canonical coordinate on M. For the twisted exact Poisson structures, we introduce 
the following definition. 

Definition 3.6 A homogeneous twisted exact Poisson structure on a manifold M is 
defined by a triple (A, Z,uj), where A is a bivector field on M, Z is a vector field on M 
and Lo is a 2-form on M , such that 

[A, A] = 2A* (duj), [Z, A] = -A, Lzuj = uj. 

Proposition 3.7 Let (Af, (A, E),uj) be a twisted Jacobi manifold. We set M = M x M 

and we consider on M the tensor fields A = e~*(A -\- — A E) and Co = e^oj, t being the 

~ d 

canonical coordinate on the factor JR. Then, the triple (A, —,io) defines an homogeneous 

dt 

twisted exact Poisson structure on M . 
d ~ 

Proof. We have [^i^] = ~^ ^d/dt^ = ^- So, according to Definition 13.61 it 
remains to prove that [A, A] = 2A*(dti;). From the definition of A, we compute 

[A, A] = e-2*([A, A] + 2^ A A) + 2e-^\^^ A [E, A]) 
and, since (M, (A, is a twisted Jacobi manifold, from (|16() and (|17() . we can write 

[A,A] = 2e-^^ [A*{duj)+A*{uj) AE 

+^ A ((A# ® l){dw){E) - {{A* l){u;m) A i^;)^ (23) 

On the other hand, 

A*{dCo) = e^A*{duj + dtAuj). (24) 
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But, 

K*{dio) = (^A*{dio) + ^ A ((A# ® l){du;){E))^ (25) 

and 

A*{dt A (j) = (^A#(w) - ^ A ((A# ® A E. (26) 

From equations (EHIl-dini) we obtain [A, A] = 2A*{doj). □ 

4 Twisted Dirac-Jacobi structures 

The notions of Courant-Jacobi algebroid and the equivalent one of generahzed Courant 
algebroid were introduced in jlj and ^H] j respectively, as a generalization of the defini- 
tion of Courant algebroid |151 122j . 

Definition 4.1 f jl8jl ^ generalized Courant algebroid or a Courant-Jacobi algebroid 
on a differentiable manifold M is a vector bundle E over M equipped with a nondegener- 
ate symmetric bilinear form (•, •) on the bundle, a skew- symmetric bracket [•, •] on T{E), 
a bundle map : E ^ TM x M and a section 9 of E* such that, for any ei, 62 G r(£'), 
the condition {9, [ei, 62]) = p{ei){9, 62) — p{e2){9, ei) holds, p being the bundle map from 
E onto TM induced by p^ , satisfying, for all e, ei, 62, 63 € r(£^) the following properties: 

i) [[61,62], 63] + [[e2,e3],ei] + [[63,61], 62] = P^r(6i, 62, 63), 

where T{ei,e2,e^) = i([6i, 62], 63) + c.p. and : C^iM^lR) T{E) is the 
first-order differential operator given by {V^f,e) = ^p^{e)f; 

it) /([6l,62]) = [/(6l),p^(62)], 

where the bracket on the right-hand side is the Lie bracket ill]) on T{TM x M); 

iii) /(6)(6i, 62) = ([6, 61] + V\e, 61), 62) + (61, [6, 62] + V%e, 62)); 

iv) for any f,ge C^{M,]R), {V'f,V'g) = 0. 

A Dirac structure for the generalized Courant algebroid {E, 9) is a sub-bundle L of 
E which is closed under the bracket [•, •] and is maximally isotropic with respect to the 
symmetric bilinear form (•,•). In this case (L,/9ji,[-,-][i)isa Lie algebroid over M. 

An important example of a Courant-Jacobi algebroid is the double A@A* of a Jacobi 
bialgebroid {{A, 0), {A* ,W)) over M [i CH]. The bracket on the space r(^ ^*) of its 
sections is given, for all 61 = Xi -|- c^i, 62 = ^2 + 02 € T{A ® A*), by 

[Xi + 01,^2 + 02! = {[X^,X2f + CZ,X2-CZ,X^-d^{ei,e2)-) 

+ (\ai,a2\^ + 4i,^2-Ciai + d^{ei,e2)-), (27) 

where (61, 62)- = ^{ix2<^i — ixiC(2)- Moreover, 9 = (p -\- W, p is the sum of the anchor 
maps of A and A*, the symmetric bilinear form on A (B A* is the canonical one, i.e. 
(61,62) = (61,62)+ = ^(ix2"i +ix-,a2), = {d* + c^)|(7°°(Af,Il) = ("^^ + 

For the case of the Jacobi bialgebroid {{TM x R, (0, 1)), {T*M x R, (0,0))), where 
T*M X K is equipped with the null Lie algebroid structure, the Courant-Jacobi structure 
defined on its double £^{M) = {TM x R) {T*M x R) corresponds to the following 
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bracket on the space T{£^{M)), defined in as a direct generalization of the Courant 
bracket on T{TM(BT*M) 0, as fohows: for all ei = {Xi, fi) + (ai,5i), 62 = {X2, /2) + 

lei, 62} = I(Xi,/i) + (ai,5i),(X2,/2) + (a2,52)l 

= [(Xi,/i),(X2,/2)](°'l) 

+ [Cfl]^^^{a2,g2) - /:['if^^)(ai,9i) + d(0'i)(ei,e2)-) 

with 

1 

(ei, 62)- = -feai - '«Xia2 + 7251 - /ifl'2)- 

Dirac structures for the Courant-Jacobi algebroid {£^{M), (0, 1) + (0, 0)) will be called 
Dirac-Jacobi structures. 

Let us now "twist" the bracket [■, •] on r(f ^(M)) with a section (99, uj) of /\^{T*M x 
R) by setting 

[ei,e2](<^,^^) = Iei,e2l + {ip,uj){{Xi, fi), {X2,f2), •)• 

Proposition 4.2 T/ie pair (<S-'^(M), (0, 1) + (0, 0)) equipped with the bracket [■, on 
T{£^{M)), the canonical bilinear symmetric form (•,•)+ on the bundle^ and the bundle 
map p = IT + 0, is a Courant-Jacobi algebroid over M if and only i/d(°'^)(v9 ,L0) =0. 

We denote this new Courant-Jacobi algebroid by (0, l) + (0, 0)) or sim- 

ply by {£HM)^, (0,1) + (0,0)). 

Proof. We know that (£:^(M), (0, l) + (0, 0)) equipped with ([•,•], p, (•, •)+) is a Courant- 
Jacobi algebroid ^SI- Hence, we only have to check the effect of adding the term 
{(f,uj){{Xi,fi),{X2,f2),-) to the bracket |-,-| onT{£^{M)). Let us set = (0,l) + (0,0). 
Then, for any ei = + {ai,gi),e2 = {X2, f2) + ("2,52) G T{£^{M)), we compute 

p'([ei,e2](^,.)) = p''([ei,e2])+/((v;,a;)((Xi,/i),(X2,/2),-)) 
= [p\ei),p\e2)l 

and a) of Definition 14.11 holds. Moreover, for any e = {X,f) + {a,g) G T{£^{M)), 
condition Hi) holds if and only if 

/), (Xi, /i), •), {X2, f2) + («2, 52)) + 

+ ((Xi,/i) + (ai,5i),((^,c^)((X,/),(X2,/2),-))+ = 0, 
that is, if and only if 

{{^{X, Xi, •) + u:{fXi - fiX, ■),u,{X, Xi)), {X2, f2) + (a2, 52))+ 

+ ((Xi, /i) + (ai,5i), (V^(X,X2, ■)+L0{fX2 - f2X, ■),u{X,X2))+ = 0, 

which can be proved by a simple computation. Finally, by a long but straightforward 
computation, we obtain 

[[ei,e2](^,^),e3](^^^) + c.p. = d(°'^)(r(^_^)(ei, 62, 63)) 

- (d(0'i)(v.,a;))((Xi,/i),(X2,/2),(X3,/3),.) 

with T(^ ,^) (61,62,63) = 5([ei, 62](,^,a;), 63)+ + c.p.. Thus, condition i) of Definition 14.11 
holds if and only if d^^'^\(p,uj) = (0,0) and the proof is complete. □ 
^(61,62)+ = KixaOi +ixia2 + figi + hg-i) 
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Definition 4.3 A Dirac sub-bundle L for the Courant-Jacobi algebroid (£'^(M)^, (0, 1) + 
(0, 0)) over M is called an w-Dirac-Jacobi structure or a twisted Dirac-Jacobi structure. 

Obviously, if L is a twisted Dirac-Jacobi structure, then (L, [•, •][dLu,Lu)\L, p\l) is a Lie 
algebroid over M. 

The next result enables us to characterize twisted Jacobi manifolds in terms of 
twisted Dirac-Jacobi structures. Hereafter, in order to simplify the notation, we will 
denote the bracket [•, by [•, whenever is clear to which bracket we refer to. 

Proposition 4.4 Let uo be a 2-form on M and (A, E) a section of /\^{TM x ]R). Then, 
graph(A, i?)* is a u)- Dirac- Jacobi structure if and only if 

[{A,E),{A,E)f''^=2{A,E)*{du;,u;). 

Proof. For any (q,/), {f3,g) £ T{T*M x R), we have 

[(A, E)*{a, f) + (a, /), (A, g) + g% 

= [{K,E)*{a,f),{A,E)*{l5,g)] + {{aJ-),{l3,g)} 
+{du,u){{K E)#{a, /), (A, E)#{/3, g), •), 

where {•, •} is the bracket ©. So, graph(A, is closed under the bracket [■, if and 
only if 

[iA,E)*{aJ),iA,E)*{P,g)] = 

= (A, E)*a{a, /), (/?, g)} + {Aj, u;){{A, E)#{a, /), (A, E)#{P, g), •)). (28) 

But (EHl) is equivalent to [{A,E), (A,^)](0'i) = 2{A, E)#{duj,uj) (see, e.g. UU]). □ 

Corollary 4.5 The triple {M, (A, E),uj) is a twisted Jacobi manifold if and only if 
graph(A, is a uj -Dirac-Jacobi structure. 

Let [t], 7) be a section of f\^{T*M x R). We denote by (??, 7)^ : TM x IR ^ r*M x R 
the associated vector bundle morphism that induces on the spaces of sections a map, 
that we also denote by (f/,7)'', which is given, for any {X, f) € T{TM x R), by 

{'n,i)\xj) = {ixv + 11,-^x1) ■ 

Proposition 4.6 Let (?/,7) be a section of f^{T*M x M). Then, graph(?7, 7)'' is a 
UJ- Dirac- Jacobi structure if and only if d^'^'^\r],^) + {duj,uj) = (0,0). 

Proof. We start by remarking that 

d(°'^) (??, 7) + {duj,u) = (0,0) ^ 'q = d-i-uj. 

The vector bundle graph(?7, 7)^ over M, whose space of sections is given by 

r(graph(7?, 7)^) = {(X, /) + {ixv + /7, -ixl) \ {X, f) G V{TM x R)}, 

is a maximally isotropic sub-bundle of £"^(71^) with respect to the symmetric bilinear 
form (•,•)+. Now, let = {Xi,fi) + {ixiV + fa, -iXil), « = 1,2, be two sections of 
graph(77,7)^ Then, 

[61,62^ = ([Xi,X2],Xi(/2)-X2(/l)) 

+^(xl!/i)(^^2?? + /27, -iXil) - ^(X2,/2)d^°'^^(iXi?? + /i7, -ixij) 

+ (dc^,C^)((Xi,/i),(X2,/2),-) 
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and [ei,e2]Lj € r(graph(?7,7) ) if and only if 

+ (dw,^)((Xi,/i),(X2,/2),-) 

= (MXi,X2]r? + (Xi(/2) - X2(/i))7, -i(Xi,X2]7)- (29) 

A simple computation shows that is equivalent to r] = dj — to . □ 

Let us now look at some other examples of twisted Dirac-Jacobi structures. Recall 
that a sub-bundle L of the vector bundle TM ®T* M over M is a Dirac structure in the 
sense of Courant (2] if is maximally isotropic with respect to the symmetric canonical 
bilinear form on TM Q)T*M and T{L) closes under the Courant bracket, which is given, 
for any sections X + a, Y + /3 of TM T*M, by 

[X + a,Y + P]c = [X, Y] + CxP - Cya + ^diiya - ixl3). (30) 

Example 4.7 Let L be a sub-bundle of TM © T*M, to a 2-form on M and consider 
the sub-bundle L^^ of £^{M) whose fiber at a point a; € M is given by 

L^(x) = {(X, 0)^ + (a - ixio, f)^ \ (X + a)^ G L^}. 

Then, is a a;-Dirac-Jacobi structure if and only if L is a Dirac structure in the sense 
of Courant. It is immediate to verify that L^j is maximally isotropic with respect to 
symmetric canonical bilinear form on £^(M) if and only if L is maximally isotropic with 
respect to symmetric canonical bilinear form on TM @T* M . Moreover, if (X, 0) + (a — 
ix^i f) and (y, 0) + (/3 — iyu), g) are any two sections of L^, then 

[{X,Q) + {a-ixojJ),{Y,Q) + {P-iyoj,g)]^ = {[X,Y\,Q) + 

+ {CxP - Cya + -d{iya - ix(3) - i[x.Y]^,X.g - Y.f + -d{iya - ixP))- 

So, the sections of close under the bracket [•, if and only if the sections of L close 
under the Courant bracket on TM ®T*M. 

For the next example we need the following definition. 

Definition 4.8 A twisted locally conformal presymplectic structure on a manifold M 
is a pair ((B, "!?), cj), where Q and iv are two 2-forms on M and {) is a closed 1-form on 
M such that 

d{e + uj)+^ A{e + uj) =0. 

If M is even dimensional and G is non- degenerate, {M , (Q , •&) , iv) is a twisted locally 
conformal symplectic manifold (cf. Example Y3.4\ 2). 

Example 4.9 Let and a; be two 2-forms on a manifold M and ?? be a 1-form on M. 
Consider the sub-bundle -^^((e,i9).w) of 'S'(i(M) whose fiber at a point a; G M is given by 

h{e,e),u){^) = {{XM^). + {ix& - f^J). I (XJ)^ G {TM x R),}. (31) 

Then, L((0 ,5)^^) is a twisted Dirac-Jacobi structure if and only if {{&,'&), uj) is a twisted 
locally conformal presymplectic structure on M. Effectively, it is easy to check that 
^{{&,^),Lj) is a maximally isotropic sub-bundle of £^{M), with respect to the bilinear 
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symmetric form (•, •)_!_. Let (X, ix'&) + (^x© — f'l^i f) and {Y, iy^) + {iyQ — 9^-, g) be 
two sections of L((e ,5) (^). We compute 

[(X, ix^) + {ixO - f^, /), (y, iy^) + {iye - g^, g)]^ 
= {[X,Y],^x,Y]^ + dnX,Y)) + 

+{i[x,Y]® - aixd-d + fiydd + dQ{X, Y, •) + dio{X, Y, •) 

A e)(x, y, •) + (i9 A y, •) 

-{X(7 - Y.f - {ix^)g + {iy^)f + e(X, y) + Lo{X, Y)}^, 
X.g - Y.f - {ix^)g + {iyd)f + Q{X, Y) + u:{X, Y))- 

so, the space r(L((0 ,5)^^)) is closed under the bracket if and only if = and 

d(e + (j) + I? A (6 + w) = 0. 

For the next example, we recall that if (M, A, ip) is a twisted Poisson manifold, then 
(T*M, {•, •}''', A*) is a Lie algebroid over M, where the Lie bracket {•, •}'^ is defined, for 
all 1-forms a and /? on M, by 

{a, pr = ^A#(a)/3 - 'Ca#(/3)« - rf(A(a, /?)) + f{A*{a),A*{P), •)• 

Example 4.10 Let A be a bivector filed on M, Z a vector field on M and uj a 2-form 
on M. We denote by -Z>{a,z,lj) the sub-bundle of £"(^(71^) whose fiber at a point x € M is 
given by 

LiA,z,u){x) = {(A*(a) - fZJ)^ + (a,iza), | (a,/),. G (r*Af x M),}. 

Then, i(A,z,a;) is a twisted Dirac- Jacobi structure if and only if (A, Z, uj) defines an homo- 
geneous twisted exact Poisson structure on M (cf. Definition l3.6|) . An easy computation 
shows that -^^(A,z,a;) is a maximally isotropic sub-bundle of £^{M), with respect to sym- 
metric bilinear form (•, ■)^. Let {A'^{a) — fZ, f) + {a, izoi) and {A'^{P)—gZ,g) + {P, izP) 
be two sections of L(^f^^z,ui)- Then, if (A, Z, tj) is a twisted exact homogeneous Poisson 
structure, we compute 

[(A#(a) - fZ, /) + (a, iza), (A#(/3) - gZ, g) + (/3, izP)]^ 
= [a* {Ci,*^^)l3 - /:A#(^)a - d{A{a, /?)) + g{Cza -a)- f{Czfi - (3) 

+ du;(A#(a), A#(/3), •)) - {{A*{a)).g - (A#(/3))./ + - /(Z.g)) Z , 

(A#(a)).9 - (A#(/3))./ + - f{Z.g)) + 

+ ('Ca#(q)/? - ^A*(i3)» - d{A{a, (3)) + g{Cza -a)- f{CzP - 13) 
+du;(A#(a),A# (/?),•) 

-duj{A*{a),gZ, ■) + duj{A*{P), fZ, •) - u:{gA*{a), ■) + a;(/A#(/3), •) , 

^ V ' 

=0 

iz (^a#(q)/3 - C.k*{i3)a - d{A{a, /?)) + g{Cza -a)- f{Cz(3 - 13) 

+du;(A#(a),A#(/?),.))) 

and we conclude that the space of sections of i>(A,z,Lj) is closed under the bracket [•, -Jt^. 
Thus, L(^\^z,oj) is a w-Dirac-Jacobi structure. A similar computation shows that, con- 
versely, if i^(A,z,Lj) is a w-Dirac- Jacobi structure, then the triple (A, Z, co) defines an 
homogeneous twisted exact Poisson structure on M. 
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Let (f he a closed 3-form on M and L a sub-bundle of TM © T*M. We recall that 
L is called a (p-Dirac structure (in the sense of Courant) [2^ if it is maximally isotropic 
with respect to the canonical bilinear symmetric form on TM © T*M, and its space of 
sections is closed under the bracket [•, ■]c^ which is given, for any sections X + a and 
y + /3 of TM © T*M, by 

[X + a,Y + P]c, = [X + a,Y + f3]c + ^{X,Y,-), 

where [■,-]c is the Courant bracket given by (|Hn|) . In [HI, the existence of a corre- 
spondence between Dirac-Jacobi structures L C £^{M) and Dirac structures L C 
r(M X M) © r*(M X M) in the sense of Courant was proved (see also [Hj). For 
twisted Dirac-Jacobi structures we can establish the following. 

Proposition 4.11 Let L be a sub-bundle of £^{M). Then, 

1. the sub-bundle C r(M x M) (B T*{M x M) given by 

= {{X + /^) + e\a + ixoJ + gdt) \ {X, f) + (a, g) G L] 

is a Dirac structure (in the sense of Courant) if and only if L is an uo- Dirac-Jacobi 
structure; 

2. the sub-bundle L C T{M x M) eT*{M x M) given by 

L = {{X + /^) + e\a + gdt) \ {X, f) + (a, g) G L] 

is a d{e*uo)-Dirac structure (in the sense of Courant)if and only if L is an uj-Dirac- 
Jacobi structure. 

Proof. A simple computation proves that each one of the sub-bundles L^^ and L of 
T{M X M) ©T*(M x M) is maximally isotropic with respect to the canonical symmetric 
bilinear form in T{M x H) ©T*(M x H) if and only if L C £^{M) is maximally isotropic 
with respect to the canonical symmetric bilinear form in £^(M). To complete the proof 

d 

of the first assertion, we take two sections {Xi -\- fi-Q^) + e*(ai + ix^^ + Sidt), i = 1,2, 

of L^. Then, denoting by [•, -jc the Courant bracket on T(T{M x R) © T*(M x R)), 
we compute 

d d 

[{Xi + h-Ql)+ e*(ai + + gidt), {X2 + /2^) + e\a2 + ix2^ + 92dt)]c 

[Xi,X2] + (X1./2 - ^2./i)^) + e* {Cx,a2 - Cx^ai 

+^d{ix2ai - ixiOt2) + /ia2 - /2ai + ^(52^1 - gidf2 - fidg2 + f2dgi) 
+duj{Xi,X2, •) + uj{f 1X2 - /2X1, •) + 

+e* ixi.g2 - X2.gi + ^(^Xa"! - «Xia2 - /251 + fi92) +^(-^^1,^2) j dt 
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and, since 

{[Xi,X2],X,.f2-X2.h) 

+ (^^Xia2 - ^XaOi + ^d{ix2ai - 1X1^2) + /i«2 - /2ai 

+l(.92dfi - gidf2 - hdg2 + /sdffi) + du;{Xi,X2, •) + uj{fiX2 - /2X1, •), 

^1-52 - ^2-51 + ^feai - «Xia2 - /251 + fm) +uj{Xi,X2)^ 
= [{XiJi) + (ai,5i), (X2,/2) + (02, 52)]^^, 

we conclude that the bracket [•, -Jc closes in r(L^) if and only if the bracket [•, -J^ closes 
in r(L). The proof of the second assertion is very similar and we omit it. □ 

5 Gauge transformations 

As in in the case of (twisted) Dirac structures for Courant algebroids, we may 
define gauge transformations for Dirac-Jacobi sub-bundles. Given a section (rj, 7) of 
/\^{T*M X M), let us consider the vector bundle map 

T^^^^y. £\M) ^ £\M) 

that induces on the spaces of sections a map, that we also denote by T(^n,y)i which is 
defined, for any {X, /) + (a, g) G T{£'^{M)), by 

^r,,-y){{X, f) + (a, g)) = (X, /) + (a, g) + (r/, ^)\X, /). 

T(^,^) is called a gauge transformation associated with {rj^"f). Let us also consider the 
Courant-Jacobi algebroids {£\M)(^du.^^),{{), l) + (0,0)) and (^H^^)(rf..,..)-d(o.i)(^,^), (0, 1) + 
(0,0)). Given a (dcj, a;)-Dirac-Jacobi structure L, its image by T(^,^) is the vector sub- 
bundle of ^i(M), 

r(^,^)(L) = {(X,/) + (a, 5) + {ri,l)\XJ) \ {XJ) + (a,g) G L}. 

Proposition 5.1 Let L he a {duj,uj)-Dirac-Jacobi structure. Then, for any (r/,7) G 
r(/\^(T*MxiR)), r(^ ,y)(L) is a ({dto , to) —S^'^\r] , ^)) -Dirac- Jacobi structure. Moreover, 

7"(r;,7)|L : (-^, |l, p|l) ^ ('^(r;,7) (-^) ' [' ' '] (d<.^,<..^)-d(o.i) {»?,7) It(^,^) (L) ' P|t(^,^) (i) ) 

zs an isomorphism of Lie algebroids over the identity, with p = vr + 0. 

Proof. Let ei = (Xi, /i) + (ai, 171) and 62 = {X2, f2) + (02152) be any two sections of 
L. Then, 

(T(,,,7)(ei),r(^,^)(e2))+ = ^(ei, 62)+ +^(((Xi, /i), (r?, 7)^(^2, /2)) 

=0 

+ ((X2,/2),(r/,7)'(Xi,/i)))=0, 
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and T(-^ ,^)(L) is a maximally isotropic sub-bundle of £^{M). On the other hand, 

['r(r;,7)(ei)>'r(»?,7)(e2)](d<^,<^)_d(0,i)(,,,^) = [61,62] 

+ {d{uj -r,),oj-r] + d7)((^i, /i), (^2, /2), •) 

+d(°'i)fefer/) + /ife7) - /2fe7)) 
= [ei, e2l + ((d^,^) - [dT], r? - d7))((Xi, /i), {X2, /s), •) 

+(«[Xi,X2]'? + iXiiixidr]) + (Xi./2)7 + f2{Cx^l) + /ife??) 
-f2{ixiV) - {X2-h)l - fi{ix2dl) - f2d{ixil), 
r]{Xi,X2) - ixA^Xil) + iXiiixil)) 

= Iei,e2l + {duJ,Uj){{Xi,fi), (^2, /2), •) + ^[(XiJO.CXaJa)]^'!) ^) 

= ''"(r;,7)([ei,e2](rf^,i^)), (32) 

which means that r(r(^,y)(L)) closes under the bracket [■, -jiduj oj)So-'^'> (ri -y) ^^'^ '^o'^" 
elude that r(^ ,j,)(L) is a ((dc<j,c<j) — d^'^'^'*(r7, 7))-Dirac-Jacobi structure. 
Moreover, with p = vr + 0, we have 

p(r(^,^)((X,/) + (a,5))) =p((X,/) + (a,5)), (33) 

for any section {X,f) + {a,g) of L. From and we deduce that r^^ ,^)!/, is an 
isomorphism of Lie algebroids over the identity. □ 

The twisted Dirac-Jacobi structures L and T(^ ,y)(L) are said to be gauge-equivalent. 

Corollary 5.2 Let L he a {duj^uj)- Dirac- J acohi structure and {rj,^) gT{/\^(T*Mx1R)). 
i) If d^^'^\ri,j) = (0,0), then r(^,^)(L) is also a {duj , uj)- Dirac-Jacobi structure. 
ii) // d^'^'"'^^(77, 7) = {duj,uj), then r(^.y)(L) is a Dirac-Jacobi structure. 

Let us denote by Dir^^ the set of all w-Dirac-Jacobi structures and consider the 
additive group 

2 

^ = {(r?, 7) G r(/\(T*M X R)) | d^^'^) (r?, 7) = 0}. 
Corollarv 15.21 i) means that acts on Dir^ with the action, 

T X Dir^ ^ Dir^, ((77,7), L) 1-^ T(^^^)(L), 
and two elements of Dir^ are gauge equivalent if they lie in the same orbit of the action. 

6 The Jacobi algebroid associated to a twisted Jacobi man- 
ifold 

In this section we will show that we can associate a Jacobi algebroid to each twisted 
Jacobi manifold. 
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Proposition 6.1 Let {M , {A, E) , uj) be a twisted Jacobi manifold. Then, {T*M x 
M, {■, ■}'^ ,TTo[A, E)"^) is a Lie algebroid over M , where is the bracket onT{T*Mx 

M) given, for all {a,f), {P,g) £ T{T*M x M), by 

{(a, /), (A g)r = {(a, /), (A g)} + {dj, a;)((A, E)#{a, /), (A, E)#{f3, g),-), (34) 

{•, •} being the bracket 

Proof. Let (M, {A,E),uj) be a twisted Jacobi manifold. From Corollary 14.51 we know 
that graph(A, i?)* is a twisted Dirac-Jacobi sub-bundle of £^{M), hence it is a Lie 
algebroid over M with the following bracket on the space of its sections, 

[(A, E)*{a, f) + (a, /), (A, E)*{(3, g) + 
= [{A,E)*{a,f),{A,E)*{P,g)\ 

+{{»J),{(3,g)} + {dw,u;){{A,E)#iaJ),iA,E)*{/3,g),.). (35) 

Since the bracket ^ sphts in the sum T{TM x R) r{T*M x R), then its projection 
{•, ■}'^ over T(T*M x R) is a Lie bracket. Moreover, for any h G C°°(M,Il), 

{(a, /), h{(3,g)r = h{ia, /), {P,g)r + (((vr o (A, E)#)ia, /)) • h){(3,g). 

So, ({•, •}'^, TT o (A, E)*) endows T*M x IR with a Lie algebroid structure. □ 

Corollary 6.2 Let (M, (A, E),uj) be a twisted Jacobi manifold. Then, for any f,g € 
C°°{M, M), 

{d(0'i)/,d(o.i)5}- = d(0'i){/,5} + (d^,u;)((A,i?)#(d(0'i)/), (A,i?)#(d(o^^^^^ 

Proof. It is an immediate consequence of Proposition 16.11 taking into account that, 
for any /,g G C7~(M,1R), d(o.i){/,c,} = {d(°'i)/, d^O'i)^}, with the bracket on the left 
hand-side given by (|22j) and the bracket on the right hand-side given by ©• □ 

The differential operator defined on r(/\(rMxlR)) by the Lie algebroid structure 
({•, •I"', vr o (A, E)*) on T*M x R is given, 

• for any / G C7~(M,R), by 

</ = d./ = -(A,i?)#(d/,0); (36) 

• for any (X, /) G T{TM x R), by 

d%{X,f) = d.{X,f) + {{A,E)* ®l){doj,oj){X,f), (37) 

where d^, denotes the operator given by © and (A, E)"^ (g) 1 is defined adapting ([T5|) in 
the obvious way. 

Proposition 6.3 Let (Ad, (A, E),uj) be a twisted Jacobi manifold. The section {—E,0) 
ofTM X M is a 1-cocycle for the Lie algebroid {T*M x B, {•, •}'^, vr o (A, E)*) over M. 
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Proof. It suffices to prove that d'^{—E,0) = (0,0). Let {a,f), {f3,g) be any sections of 
T*M X R. Then, 

<(-i?,0)((a,/),(/3,ff)) 
= d,{-E, 0)((q, /), (/?, g)) + ((A, E)* ® u:){-E, 0)((a, /), (/?, ff)) 

= [ii;, A] (a, /3) - (du;, u;)((A, E)* (a, /), (A, (/?, 5), (-i?, 0)) 
= ((A# - ((A# ® 1)H(^)) A S)(a,/3) 

+(iL^(A#(a),A#(/3),^) - {iEa)uj{A*{f3),E) + {iEf3)u{A*{a),E) 
= 0, 

and so, (ii'(-£;,0) = (0,0). □ 

From ProDositions l6.1l and l6.3l we deduce that the twisted Jacobi structure ((A, E), u) 
on M defines a Jacobi algebroid structure on T*M x ]R. Moreover we have, from (jHJ, 
dSni) and (EZI, that 

• for any / € C7°°(M,]R), 

«)(-^'°V = -(A,ii;)#(#,/); (38) 

• for any (AT, /) G r(rM x R), 

«)(-^'0)(X,/) = [(A,ii;),(X,/)](0-i) + ((A,ii;)#®l)(da;,a;)(X,/). (39) 

The Lie algebra homomorphism, from C°°(M, M) to T{TM), expressed by equation 
(|H) in the case where M is a Jacobi manifold, fails in the case of twisted Jacobi manifolds, 
as shown in the next proposition. 

Proposition 6.4 Let (M, {A,E),uj) be a twisted Jacobi manifold. Then, for any f,g(z 

c°°{M, m), 

[Xf,Xg]=X^f^gy + {7To{A,E)*){{du;,u;){{A,E)*{df,f),{A,E)*{dg,g),-)). (40) 

Proof. From ^ we have, with (A, E)*{df, f) = {Xf, -E ■ f), 

[{Xf, -E ■ /), {Xg, -E ■ g)\ = {Xy^g}, -E ■ {/, g]) 

+(A, E)*{{dw, u){{A, E)#{df, /), (A, E fidg, g), •)). 

The projection over the first factor gives (jlO)). □ 

7 Quasi-Jacobi bialgebroids and their doubles 

The notion of quasi-Lie bialgebroid was introduced in j^. It is a structure on a pair 
{A, A*) of vector bundles, in duality, over a differentiable manifold M that is defined by a 
Lie algebroid structure on A* , a skew-symmetric bracket on the space of smooth sections 
of A and a bundle map a : j4 — > TM, satisfying some compatibility conditions. These 
conditions are expressed in terms of a section of /\^ A* , which turns to be an obstruction 
to the Lie bialgebroid structure on (^4, ^*). As in the case of a Lie bialgebroid, the double 
^©>1* of a quasi-Lie bialgebroid (A, A*) is endowed with a Courant algebroid structure 

min]. 

In this section, in order to adapt the previous notion to the Jacobi framework, 
we introduce the concept of quasi-Jacobi bialgebroid and we prove that its double is 
endowed with a Courant- Jacobi algebroid structure jl8l H]. 
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Definition 7.1 A quasi- Jacobi bialgebroid structure on a pair {A, A*) of dual vector 
bundles over a differentiahle manifold M consists of: 

• a Lie algehroid structure ([•, •]*,«*) on A* with a 1-cocycle W ; 

• a bundle map a : A ^ TM ; 

• a skew- symmetric operation [•,•] on T{A); 

• a section (f) S r(^*); 

• a section ip G T{/^ A*); 

satisfying, for all X,Y, Z r(A) and f G C°°{M, M), the following properties: 

1) [X,fY]=f[X,Y] + {a{X)f)Y; 

2) a{[X,Y]) = [a{X),a(Y)]-aMX,Y,-); 

3) [[X,Y],Z] + c.p. = -df ((^(X,y,Z)) - ^) + c.p.), where is the 
modified differential operator on T{/\A) defined by the Lie algebroid structure of 
A* and the 1-cocycle W ; 

4) d(j) — ip{W,-,-) = 0, where d is the quasi- differential operator on T[f\A*) deter- 
mined by the structure ([•, ■],a) on A; 

5) d^ip = 0, where d'^ is given, for any (3 G r(A'' A*), by d't>(P) = d(3 + (l)/\(3; 

6) = [df P,g]'^ + {-iy+^[P,d^Qf, with P G r(A*'^) and Q G r(A^). 
We will denote the quasi- Jacobi bialgebroid by {{A,(j)),{A* ,W),(p). 

Let ((^4, 0), (j4*, W), if) be a quasi-Jacobi bialgebroid over M, and C'^ the quasi- 
Lie derivative and the Lie derivative operators defined, respectively, by d"^ and d^ as 
in @, a"^ and the deformed anchor maps according to (jT)). On the Whitney sum 
bundle A® A* we consider the two nondegenerate canonical bilinear forms (•, ■)± and, 
on the space r(^ A*) = T{A) r(^*) we define the bracket [•, by setting, for any 
ei = Xi + ai, 62 = ^2 + a2 G A*), 

[61,62]^ = [Xi + ai,X2 + a2]^ = [Xi + ai,X2 + 02! +¥5(Xi,X2,-), (41) 

where |-, •] is the bracket (P7|) . 

Theorem 7.2 Let {{A, (p), {A* , W), ip) be a quasi-Jacobi bialgebroid over M. The vector 
bundle AeA* over M endowed with {[■,-]ip, {■,■)+, P*^ ,1^'^), where 6 = (f>+W G r(^*0yl), 
= -\- and = {d^ + d'^)\c°°{M 1R)> '^^ ^ Courant- Jacobi algebroid over M . 

For establishing the above theorem, we need the results of the following lemmas. 
Let {{A, (j)), {A* , W), if) be a quasi-Jacobi bialgebroid over M. 

Lemma 7.3 For any P G r(A''^); X,Y e r{A), a G r{A*) and f G C°°{M,M), 

i) df[x,y] = [dfx,y] + [x,<iry]; 

U) C%P+CtvP = 0; 
Hi) (0, W) = and a{W) + a*(0) = 0; 
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iv) C^X + [W,X]=0; 

v) [d^f, X] + C^^,^X = and [d^f, a]f + C^^^^a = 0. 

Proof. The proof is based on the facts that d^ (resp. d'^) is a derivation of [•, ■]'^ (resp. 
[•, and it is similar to the case of a Jacobi bialgebroid (see [HIEI)- D 

On the space C°°(M, H) we define the internal composition law {•, •} by setting, for 
any f,ge C°°(M,Il), 

{f,9} = {d*f,d'^g). (42) 

Lemma 7.4 For any f,g e C°°{M,]R), 

[d^f,d^g]=d^{{g,f}). (43) 

Proof. From the skew-symmetry of the bracket [•, •] on T(A), from Lemma l7.3h ;) and 
because {d^y = 0, 

[d7f,d^g] = -[d^g,d^f] = CZ,^{d^ f) = d^ {{d'^g^d^ f)) = ({5,/}). 

□ 

Lemma 7.5 The bracket i4<^ is a first-order differential operator on the second argu- 
ment and it is skew- symmetric. 

Proof. Li fact, for any f,g,he C°°(M,]R), 

{/, gh} = g{f, h} + h{f, g} - gh{f, 1} (44) 

because 

d^igh)=gd'^h + hdZg-ghW. 

In order to establish the skew-symmetry of (|64)) . we will prove that, for any / € 
C~(M, R), 

{/,/} = 0. (45) 

Since {A*, [■, ■]^:,a^:,W) is a Lie algebroid over M with a 1-cocycle, the homomorphism 
of C~(M,]R)-modules of : r(^*) T{TM x R) given by ©, induces a Lie al- 
gebroid homomorphism over the identity between the Lie algebroids with 1-cocycles 
{A*,[,-]^,a^,W) and (TM x R, [•,•], vr, (0, 1)). Hence, for any / € C7°°(M,]R) 2, 

(ar)*(0,l) = Ty, (af)*(5/,/) = dr/ and (ar)*(5/, 0) = 4/, (46) 

where (a^)* : T{T*M x IR) r(j4) denotes the transpose of a^. On the other hand, 
since the quasi-differential operator d on T{A*) is defined by o : r(^) — > T{TM) and 
by the bracket [•, •] on T{A), we can easily prove that 

{a^y{5f,Q)=a*{5f) = df and (a'^)*(<5/, /) = d<^/, (47) 

where (a<^)* : T{T*M x R) ^ r(^*) denotes the transpose of a*^. So, 

= (d'^/,dr5)'^='^((a'^)*(<5/,/),(af)*('55,5)) 

= {{5fJ-),a^o{aZy{5g,g)). (48) 



^In this section, in order to avoid confusion with the quasi-differential d of A, we will denote by 5f 
the usual de Rham differential of / G C°°{M, R). 
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When g = 1, (jUI) gives 

{1,1} = ((5/,/),a<^o(ar)*(0,l)) ^ {i6f,f),a'l'{W)) = -{6f,aM), (49) 

where the last equahty follows from Lemma 17.31 izi). On the other hand, 

{!,/} = ((0,l),a<^o(ar)*(5/,/)) = ((0,l),a^df/)) 

= {cp,dj) = {cp,a:i6f)). (50) 

From (jinj and ((SB, we get 

{/,1} = -{1,/}. (51) 
Using Lemma 17.31 in). (|46() and H47|). we can write 

{f,f} = {{Sf,0),Jo{a^)*{6f,0)). (52) 

From Lemma 17.41 we have, 

df{{f,f}) = [dff,dff]=0. (53) 



In particular, for 
and 



dr({/',/'}) = (54) 



= ({/^ /n) = d^(((<5/^ 0), o (af )*(5/^ o)) 

= 4/2df ({/, /}) + 4{/, /2 - 4/2{/, 

So, for any / G C°^(M,1R), 



Then, 



{/,/K/=0. (55) 

{dH,{f,f}d^f-f{f,f}W) 
= {f,f}{l,f}-f{f,f}{(P,W) 

2/{/,/}{i,/}-/'{/,/}{M} 

=0 

2/{/,/}{l,/} (56) 



and 



{d''f,{fJ}d^f-f{fJ}w) 



{/,/}{/,/'}-/'{/,/}{/,!} 
2/{/,/}2 + 2/2{/,/}{l,/} 

whence we deduce that holds. □ 



Remark 7.6 From the skew-symmetry of (|42() and the fact that it is first order differ- 
ential operator on the second argument, we conclude that it is first order differential 
operator on each argument. 
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Lemma 7.7 For any f G C°°(M, B), X G T{A) and a G T{A*), 

i) {aod^ + a^od't>)f = 0; 

ii) [a{X),a,{a)]=a.{d'^a)-a{CZX)+a{d'!^{a,X)). 
Proof. For i) we have that, for any g G C°°(M, M), 

{{a't> o + af o d-^)/, {5g,g)) = {d^f, {a^n6g,g)) + {d^f, (a^nSg^g)) 

{d^f,d'^g) + {d'^f,dZg) 
^ {5, /} + {/, 5} = 0, 
because {•, •} is skew-symmetric. So, (a*^ o djf' + o (i*^)/ = 0. But, 

(a<^ o df + af o d-^)/ = (a o + a. o d-^)/ + (0, /) + {W, d^ f) 

and __ 

(<A,df /) + '^J^ (af (0) +a'^(t^),(5/,/)) = 0, 

where the last equahty fohows from Lemma 17.31 Hi). Consequently, for any / G 
C°°(M, R), 

(a o + a* o d-^)/ = 0. 
The proof of ii) is similar to the case of a Jacobi bialgebroid (see 0^]). □ 

Lemma 7.8 Let {{A,(j)),{A* ,W),^p) he a quasi-Jacobi bialgebroid over M. Then, the 
quasi-Lie derivative operator associated to the quasi- differential operator d^ on T{f\ A*) 
satisfies the following property: For any X,Y,Vi, . . . ,Vp G T{A) and any r] G r(/\^ A*), 

cf^y^r^(v,,...,Vp) = (4o4-4o4)^(yi,...,yp) 

p 

+ J^(-irr/([[X, Y], Vi] + c.p. ,Vi,...,Vi,---,Vp) 

1=1 

-arMX,y,.))(r?(yi,...,yp)). (57) 

Proof. We prove the above formula by a simple, but long, computation, taking into 
account the condition 4) of Definition 17.11 of a quasi-Jacobi bialgebroid. □ 



Now, we will prove Theorem 17.21 

Proof of Theorem 17. 2L We have to check that the conditions i) — iv) of Definition 
14.11 hold. In order to establish condition n), we use the results of Lemma 17.71 and the 
conditions 2) and 4) of Definition 17. II of a quasi-Jacobi bialgebroid. We obtain that, for 
any two sections ei = Xi -|- ai, 62 = X2 + 02 of ^ © A*, 

p\[ei,e2]^) = [p\ei),p%e2)]. 
For condition Hi) we have that, for all e, ei, 62 G T{A ® A*), e = X + a, ei = Xi + ai, 

62 = X2 + 02, 

([e, ei]^ + D^(e, ei)+, 62)+ + (ei, [e, 62]^ + P^(e, 62)+)+ 
= ([e, eil + V%e, ei)+, 62)+ + ^v9(X,Xi, X2) 

+ (ei, [e, 62] + V'{e, 62)+)+ + ^ifiX, X2, Xi) 

= ([e, eil + V^{e, ei)+, 62)+ + (ei, [e, 62! + V\e, 62)+)+. 
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But, by doing the same computations as in Proposition 4.1 of ^S], we establish the 
equahty 

([e, eil + V\e, ei)+, 62)+ + (ei, \e, eal + V\e, 62)+)+ = /(e)(ei, 62)+. 
Hence, we conclude 

/o''(e)(ei, 62)+ = ([e, ei]^ + P^(e, ei)+, 62)+ + (ei, [e, €2]^ + P^(e, 62)+)+. 
The condition iv) can be easily proved as follows. For any f,g C°°(M, H), 

iV'f,V'gh = {dff + d't'f,dY9 + d'l'gU = ^{{d'f'g,dYf) + {d't'f,dYg)) 

= l{{9,f} + {f,g}) = o, 

where {•,■} is the bracket ()42|) which, by Lemma |7.51 is skew-symmetric. Finally, it 
remains to establish condition i) of Definition 14.11 i.e., for any 61,62,63 G r(^ A*), 
ei = Xi + ai, i = 1,2,3, 

[[ei, 62],^, 63]^ + [[62, 63]^, ei]^ + [[63, 61]^, 62]^ = r'^r^(6i, 62, 63), (58) 

where 21^(61,62,63) = -(([61, 62];^, 63)+ + c.p.). Since the proof involves a very long 
computation, we only give a short schedule. 

First, we note that, if r(6i,62,e3) = -((|6i, 62], 63)+ + c.p.), then 

O 

r^(6i,62,e3) = T(6i,62,63) + ^ip{Xi, X2, X3) . (59) 

Let us set 

[[ei, 62];^, 63];^ + [[62, 63],^, ei]y, + [[63, 6i]<^, 62],^ = Y + (3, (60) 

where Y and /? denote the components of [[6i, 62](^, 63],^ + c.p. on r(^) and r(^*), 
respectively. We have 

[[61,621^,63]^ + c.p. = [{61,62} +ip{Xi,X2,-),e3\^ + c.p. 

= ([[ei,62],63]^ + [(p{Xi,X2,-),e3]^) +c.p. 

= (I[6i, 62I, 63I + ^{\^2lX^, •) + y{Xi,X2, •), 63!) + c.p., 

where |[6i,6j], i,j = 1,2,3, denotes the part of |6j,6j] that belongs to T{A). Hence, 

Y = (I[6l'^63l + MX^,-),63-l)+C.p. 

Taking into account condition 3) of Definition 17.11 the fact that {A*, [•,•],,, a*) is a Lie 
algebroid over M, so 

and also ()59() . we obtain, after a long computation, 

y = df (r^(ei,62,63)). (61) 

Similarly, for (3 we have 

/3 = ([IeiT^63l + vp(I^l, X3, •) + [(^(XiT^.), 631) + c.p., 
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where |[ei,ej],efc] (resp. Xj, •), Cfc]), i,j,k = 1,2,3, denotes the component of 

[|ej,ej],eA:] (resp. lip{Xi,Xj, •),efc]) that is section of A*. We repeat the computations 
developed in Proposition 4.1 of 18 for the calculation of the corresponding /? and we 
take into account the conditions 3) and 5) of Definition 17. H the fact that {A* , [•,•]*, a*) 
is a Lie algebroid over M, so [[ai, a2]5f']^ + c.p. = 0, the result of Lemma 17^ and ((5^ . 
After a long calculation we get 

/3 = d'^(T^(ei, 62,63)). (62) 
From (jOni), ^ and ^ we conclude that ^ holds. □ 

Remark 7.9 When (p = 0, the quasi-Jacobi bialgebroid is a Jacobi bialgebroid and we 
obtain Proposition 4.1 of |18j . 

8 The quasi-Jacobi bialgebroid of a twisted Jacobi mani- 
fold 

Let {M,{A,E),uj) be a twisted Jacobi manifold. We consider the following skew- 
symmetric bracket on the space of sections of the vector bundle TM x IR over M, 
given, for all {X, /), (Y,g) G T{TM x R), by 

[{X, /), (y, g)]' = [{X, /), (y, g)] - (A, E)#{{dLO, co){{X, /), {Y, g), •)), (63) 

where [•,•] is the bracket Ullf) . and we define an operator d', acting on the space of 
sections of the exterior algebra /\{T*M x H) as a graduate differential operator, by 
setting, 

• on / G C°°(M,Il), 

d7 = d/ = (d/,0); 

• on sections (a, /) of T*M x R, 

d'(a, /) = d(a, /) - (do,, ^)((A, E)*{a, /), •, •)• 

Then, we extend d', by linearity, to the algebra {T{/\(T*M x K)), A). The operator d' 
coincides with the one determined by the structure ([■, -J',?!") on TM x H. 

Now, we use the section (0, 1) G r{T*M x R) to modify the bracket [•, •]' on T{TM x 
H), according to formula l\W\i . and also the operator d'. The new bracket will be denoted 
by [•, -j'^^'^) and the resulting operator d'^*^'^^ is defined as follows: 

• on / G C°°(M,Il), 

d'(°'^)/ = d(°'i)/ = (d/,/); 

• on sections (a, /) of T*M x H, 

d'(0'i)(a, /) = d(0'^)(a, /) - (d^,^)((A, E)*{a, /), •, •)• 

Let us extend the bracket [•, -J'^"'^) on T{TM x R) to the whole algebra (T{/\{TM x 
M)), a), as in the case of a Jacobi algebroid. In particular, if {X, f) G T{TM x M) and 
(C,y) G r(A^(TM X R)), we have 

[(c,y),(x,/)]'(0'i) ^ [(c,y),(x,/)](0'i) 

- [{{A,Ef (C,y)# + (C,y)# ® (A,E)*) ® l) ((io;,o;)(X,/), 

(64) 
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where the second term of the right hand-side of (|64l) is the section of /\^{TM x ]R) 
given, for any (a, g), h) G T{T*M x R), by 

(((A,ii;)# (C,y)# + ® (A,ii;)#) ® l) (da;,a;)(X,/)((a,<7), = 

= {du;,uj){{KE)*{a,g),{C,Y)*{[3,h),{X,f)) 
+{d^, u;)i{C, Y)*{a, g), (A, E)* {(3, h), (X, /)). 

Lemma 8.1 Let {M, {A, E),uj) be a twisted Jacobi manifold. Then, for any {X,f) G 
r{TM X m), we have 

= [(A,i?),(X,/)]'(0-i) - iiA,E)*®l){du;,u;)iX,f). (65) 

Proof. It is a direct consequence of (jHlj) . (fTn|) and (jHH). □ 

We remark that if is a 2-form on M such that {A, E)"^ [du! , co) = (0,0), i.e. when 
the twisted Jacobi manifold is just a Jacobi manifold, we recover the well-known relation 
I3],dl-^'°)(X,/) = [(A,i?),(X,/)](o.i). 

In the next theorem, which is the main result of this section, we show that one can 
associate a quasi-Jacobi bialgebroid to each twisted Jacobi manifold. 

Theorem 8.2 Let {M , {A, E) , iv) be a twisted Jacobi manifold and {T*MxlR,{-,-}'^ , no 
(A, £^)*) its associated Lie algebroid. Consider the vector bundle TM x M equipped 
with the bracket /1 6'^) on the space of its sections, the operator d' and the projection 
TT : TM xM-^ TM. Then, {{TM x M, (0, 1)), {T*M x IR, {-E,0)), {duj,uj)) is a quasi- 
Jacobi bialgebroid over M. 

Proof. We have to check that all conditions of Definition 17.11 are satisfied. According 
to Proposition lOl the section (-£^,0) of TM x IR is a 1-cocycle for the Lie algebroid 
{T*M X M,{-,-}^,Tro{A,E)*). 

Let {X, f) and {Y,g) be any two sections of TM x R and /i G C°°(M,Il). Then, 

[{X,f),h{Y,g)]' = h[{X,f),{Y,g)]' + {7T{XJ)){h){Y,g), 

which means that condition 1) of Definition 17. II holds. We also have 

7r{[{X, /), {Y, g)]') = [X, Y] - {tt o (A, E)*){{duj, uj){{X, /), {Y, g), •)), 

which is 2) of Definition 17.11 Moreover, 

d'(0, 1) = -{du;,u;){{A, E)#{0, 1), •, •) = {dco, io){{-E, 0), •, •) 

and so 4) is also satisfied. The skew-symmetry of the morphism (A, £■)*, allows us to 
conclude that 

d'(°'^)((iu;,w) = (0,0), 

which is condition 5) of Definition 17.11 

Let us now consider the sections {Xi,fi), {X2, f2) and {X^, f^) of TM x H. Then, 

[[(Xl,/i),(X2,/2)r,(X3,/3)]' + C.p. = ([[(Xi,/i),(X2,/2)],(X3,/3)] 

-(A,i?)#(((ia;,a;)([(Xi,/i),(X2,/2)],(X3,/3),-)) 
-[(A,i?)#((d^,^)((Xi,/i),(X2,/2),-)),(^3,/3)] 

+(A, E)*{{duj,uj){{A, E)*{{du,u){{Xi,fi), {X2, /2), •)), (^3, /s), •))) + c.p. 

(66) 
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First, we remark that, since [•, •] is a Lie bracket on T(TM x M), 

[[(Xi, /i), (X2, /2)], (Xs, m + c.p. = (0, 0). 

Let (a, be an arbitrary section of T*M x H. Then, 

((a,<7),-(A,ii;)#((du;,u;)([(Xi,/i),(X2,/2)],(X3,/3),-))+c.p.) 
= (^(Xi, w)((X2, /2), (X3, /s), (A, E f{a,g))) + c.p. 

-(7r(A, g)).{{(L;,u;){{X,,h), (X2, /2), (X3, /a))) 

-{du;, c^)([(Xi, /i), (A, ii;)#(a, 5)], (X2, /2), (X3, /a)) - c.p. 
+(0, 1) A /i), (X2, /s), (X3, /3), (A, E f{a,g)) (67) 



((a, 5), -[(A, E)*{idu;, ^)((Xi, /i), (X2, /2), •)), (^3, /s)] + c.p.) 

= - (i{da.,<.^){(Xi,/i),{X2,/2),-)(^*)^~^'°^(^3,/3)) (a, 9) - c.p. 

-(^(Xi, /i)).((d^,^)((X2, /2), (X3, /3), (A, E)*{a, g))) - c.p. 
+(d^,^)([(Xi, /i), (A, E)#{a,g)], (X2, /s), (X3, 73)) + c.p. 
-/i(d^,a;)((X2,/2), (X3,/3), (A,ii;)#(a,9)) - c.p. 

-(dL^,L^)((Xi, /i), (X2, /2), ((A, E)# l)(da;,a;)(X3, /3)(a, 5)) - c.p. (68) 
On the other hand, 

{{a,g), {A,E)*{{du;,u;){{A, E)* {{du;,u;){{Xu fi), {X2, h), ■)), {X3J3), •)) + cp.) 
= {du,u;)i{Xi,h), {X2, /2), ((A, E)# l){dLO,u;){X3,f3){a,g)) + c.p. (69) 

If we add up the terms of 1)6 7|) , (|68|) and 1)69^ , we obtain 

-(7r(A,i?)#(a,5)).((d^,^)((Xi,/i),(X2,/2),(X3,/3))) 
+(0, tfu;)((Xi, /i), (X2, /2), (X3, /3), (A, E)*{a, g)) 

- (^^(dc^,c.)((Xi,/i),(X2,/2),-)«)^"^'°^(^3,/3)) ia,g) - c.p. 
-/i(da;,a;)((X2,/2), (X3,/3), {A,E)*{a,g)) - c.p. 

= -«)(-^'°)((rf^,^)((Xi,/i),(X2,/2),(X3,/3)))((a,5)) 

- («(da;,a;)({Xi,/i),(X2,/2),-)(^*)^"^'°^(^3,/3)) (",9) " Cp. 

and we conclude that 

[[(Xi,/i),(X2,/2)]',(X3,/3)]' + C.p.= 

-«)^-'''°^((rf'^,^)((^l,/l),(^2,/2),(X3,/3))) 
-(^(d..,.)((X„/,),(X2,/.),-)«)^"'''°^(^3,/3) + C.p.), 

which is condition 3) of Definition 17.11 

Finally, we must show that, for any (P, Pq) G V{t\^{TM x R)) and (Q,(5o) G 
r(A(TM X R)), 

«)(-^'0)[(p,Po),(Q,go)]'(°'') = 

= [«)(-^'°H^,^'o),(Q,Qo)]'(°'') + (-i)^'+M(^,^o),«)(-^'°)(Q,Qo)]'(°'').(70) 
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As in the case of a Jacobi algebroid [S], it is enough to prove (f7n|) in the cases where: 
i) (P, Pq) and (Q, Qq) are both functions of M; ii) (P, Pq) is a section of TM x H and 
(Q, Qo) is a function of M; iii) (P, Pq) and {Q, Qq) are both sections of TM x M. 

We remark that, for any / G C°°(M,]R) and (P,Po) G T[f\^{TM x R)), 

[(p,Po),/r(°'i) = [(p,Po),/](°'i). 

When (P,Po) = (/,0) = / and (Q,Qo) = (5,0) = g, with G C°°(M,]R), equation 
(EOl) gives 

[«)(~^'°V,ff](°'^) - [/,«)(-^'°)<7](°'^) = (0,0), 

or, equivalently, 

[[(A,ii;),/](o.i),g](o.i) - [/,[(A,i?),5](o.i)](0-i) = (0,0). (71) 
The graded Jacobi identity for the bracket [•, •]('^'-'^) on T(TM x IR), ensures the validity 

of dZU). 

Let us now take (P,Po) = {X,f) G T{TM x R) and (Q,Qo) = 5 G C7~(M,]R). 
Then, 

«)(-^'°)[(X,/),5]'(°'^^ = [(A,i?),[(X,/),5](°'^)](°'^) 
= [(A, /), [(A, ii;), + [[(A, i?), (A, /)](0'i) , 

= [(A,/),«)(-^'0)5](°'^) + [«)(-^'°)(A,/),5](°'^) - [((A,ii;)# ® l)(dc^,u;)(A,/),5](°'^) 
= [(A, /), «)(-^'°)^/]'(0'i) + (A, E)* ((do;, ^)((A, /), «)(-^'0)g, •)) 

+ [«)(-^'0)(A,/),5r(°'^)-[((A,£;)#®l)((iu;,..)(A,/),5](°'^) 
= [(A,/),«)(-^'0)5]'(°'i) + [«)(~^'0)(A,/),5]'(°'^\ (72) 

which proves (|70j) in this case. 

When (P, Pq) = (A,/) and {Q,Qo) = {Y,g) are two sections of TM x H, equation 
(fTO]) is given by 

(<)(-^'0)[(A,/),(y,5)]'(°'^) = [(<)(-^'°)(A,/),(y,5)]'(°'^)+[(A,/),(<)(-^'0)(y,5)]'^^^ 

(73) 

We compute, 

«)("^'°)[(A,/),(y,5)]'(°'^) = [(A,P),[(A,/),(y,g)](0'i)](0-i) 
+ ((A,£;)#®l)(du;,u;)([(A,/),(y,5)](°'^)) 

- [(A, E), (A, P)# ((dc., c.)((A, /), (y, 5), O)]^"-'^ 

- ((A,i^)#®l)(dL^,^)((A,P)#((dL^,L^)((A,/),(y,<7),-))) 

= [(A,/),[(A,p),(y,5)](°'^)](°'^) + [[(A,p),(A,/)](o-i),(y,5)](°'^) 

+ ((A,ii;)#®l)(d..,u;)([(A,/),(y,<7)](°'^)) 

- ((A, E)* ® l)(dw, u;)((A, £;)#((da;,a;)((A, /), (y, 5), •))) 

+ (A,P)#(d(0'i)((du;,a;)((A,/),(y,5),-))) +(A,P)*(d^,^)((dw,w)(A,/),(y,<7),-)) 

(74) 

where, in the last equality, we used (|2()j) . the graded Jacobi identity for the bracket 
[•, -j^^'^^ and also the following formula, that holds for any section (a, /) of T*M x H: 

[(A, E)*{a, /), (A, E)] = (A, E)#{S^^'\a, /)) + i[(A, E), (A, E)f^'^ ((a, /)). 
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On the other hand, 



= [[(A,ii;),(x,/)](o-i),(y,5)](°'i) 

- [[{A,E)* {[{A,E), + {[{A,E), {XJ)f ® {A,E)#) l) {duj,uj){Y, g) 

+ m,E)*0l)idu;,u;)iX,f),iY,g)f^'^ 



+ [{X,f),[{A,E),{Y,g)f''Y'''> 

+ (((A,ii;)# {[{A,E), {Y,g)f + ([(A,ii;), (F, <7)](°'') )# ® (A,i?)#) ® l) (do;, a;)(X, /) 
+ [iX,f),i{A,E)* ®l)idu;,u;)iY,g)f^'^ 



Comparing the terms of (f7i|) and (|75|) . we conclude, after some computations, that (f73|) 
holds if and only if, for all (a, /i), (/?, G r(r*M x R), 



d(0'i)((da;,a;)((X,/),(y,5),-))((A,i?)#(a,/i),(A,i?)#(/?,0) 
-(d^,^)([(X,/),(y,5)](°'^\(A,i?)#(a,/i),(A,i?)#(/?,/)) 

u;)((y, g), (A, (a, /i), ([(A, E\ {X, )#(/?, I)) 

-(d..,u;)((y,5),(A,i?)#(/3,/),([(A,i?),(X,/)](0-i))#(a,/i)) 
+ ((A, i?)#0l)(da;,a;)(X,/)](o.i)((a,/i), (/?,/)) 

-(du;,u;)((X,/),(A,i?)#(a,/i),([(A,i?),(y,5)](°'^))#(/3,0) 
+ (dc., /), (A, (/?, /), ([(A, E), (y, )#(a, /i)) 

-[(X,/),((A,i?)#®l)(<iu;,..)(y,<7)](°'^)((a,M,(/3,0) =0. (76) 



After a long computation, we get that 1)76^ is equivalent to 



(d(O'i) (do;, a;)) ((X, /) , (y, 5) , (A, i^)# (a, /i) , (A, S)# (/?, /) ) = 0, 
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(75) 



which holds since d^^'^\duj,uj) = (0,0). 



n 
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